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■ Abstract 

In this paper, we give a proof of the DDVV conjecture which is a pointwise 
inequality involving the scalar curvature, the normal scalar curvature and the mean 
curvature on a submanifold of a real space form. Furthermore we solved the problem 
of its equality case. 
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1 Introduction 

Let / : M n — > N n+m (c) be an isometric immersion of an n-dimensional submanifold 
M into the (n + m)-dimensional real space form N n+rn (c) of constant sectional curvature 
c. The normalized scalar curvature p and normal scalar curvature /r 1 are defined by (see 
[DDVV]) 

2 n 

^ ' l=i<j 

„ n m 

l=i<j l=r<s 

where {ei, e n } (resp. {£i, Cm}) is an orthonormal basis of the tangent (resp. normal) 
space, and R (resp. R^) is the curvature tensor of the tangent (resp. normal) bundle. 
Let h be the second fundamental form and let H — - Tr h be the mean curvature 

n 

vector field. The DDVV conjecture (see [DDVV]) says that there's a pointwise inequality 
among p, p 1 - and \H\ 2 as following: 

p + p 1 < \H\ 2 + c. 

Since this is a pointwise inequality, using Gauss and Ricci equations one can see that 
it's equivalent to the following algebraic inequality (see [DFV]): 
Conjecture 1. Let Bi, B m be (n x n) real symmetric matrices. Then 

m m 

J2\\[Br,B s ]\\ 2 <(J2W B r\\ 2 )^ 

r,s=l r=l 

where || • || 2 denotes the sum of squares of entries of the matrix and [A, B] = AB — BA is 
the commutator of the matrices A, B. 

The main purpose of this paper is to prove Conjecture 1 and also to give the equality 
condition: 

Theorem 1.1. Let B ± , B m be (n x n) real symmetric matrices. Then 

m m 

j2\\i B r,m\ 2 <CE\\ B r\\ 2 ) 2 > 

r,s=l r=l 
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where the equality holds if and only if under some rotation^ all B T 's are zero except 2 
matrices which can be written as 



/i 

/! 





/ 



p\ p 



\ ••• j 

where P is an orthogonal (n x n) matrix. 



n 
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Therefore, we can solve the DDVV conjecture also with its equality conditions in terms 
of the shape operators: 

Corollary 1.2. Let f : M n — > N n+m (c) be an isometric immersion. Then 

P + P L < \H\ 2 + c, 

where the equality holds at some point p G M if and only if there exist an orthonormal 
basis {ei, ...,e n } ofT p M and an orthonormal basis ...,£ m } ofT^M, such that 
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for r > 2. 



y • 

Remark. By the same method, one can see that Conjecture 1 also holds for 
anti-symmetric matrices. However, the following example shows that Conjecture 1 fails 



1 An orthogonal m x m matrix R — (R rs ) acts as a rotation on (Bi, .... B m ) by R(B r ) = Y^T=i RsrB s 



when there're both symmetric and anti-symmetric matrices in {Bi, B m }, which was 
conjectured in [Lul]. 

/ 1 \ / 1 \ / 1 \ 

Example. Let B 1 = \ , B 2 = \ , B 3 = . Then the 

\o -l) \l o) \-l o) 

conclusion of Conjecture 1 fails. 

We point out that the inequality and its equality condition of Theorem 1.1 (resp. 
Corollary 1.2) for m = 2 was given in [Ch] (resp. [DDVV]). When n = 2, 3, or m = 2, 3, 
the inequality was proved in several papers (see [Lul] for references). For general n, 
m, a weaker version was proved in [DFV]. After we have solved the conjecture and its 
equality case, we find very recently that Zhiqin Lu has posed a proof of the inequality 
in his homepage without the equality case (see [Lu2]). Since we use a quite different 
method and work out the equality condition besides the inequality we'd like to show it 
in literature. 

Finally it's our pleasure to thank Professor Weiping Zhang for introducing [Lul] to 
us and his encouragements. Many thanks as well to Professors Marcos Dajczer and Ruy 
Tojeiro for their useful comments and suggestions to the previous version of this paper. 



2 Notations and preparing lemmas 

Throughout this paper, we denote by M(m, n) the space ofmxn real matrices, M{n) 
the space ofnxn real matrices and SM{n) the N := n ( n+1 ) dimensional subspace of 
symmetric matrices in M(n). 

For every with 1 < i < j < n, let 

{En, i = j, 

^(Eij + Eji), i<j, 

where Eij e M{n) is the matrix with entry 1 and all others 0. Clearly {Eij}i<j is an 
orthonormal basis of SM(n). Let's take an order of the indices set S := {(i, < i < 
j < n} by 

< (k, I) if and only if i < k or i = k, j < I. (2.1) 
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In this way we can identify S with {1, TV} and write elements of S in Greek, i.e. 
for a = G S, we can say 1 < a < N. 

For a = < (k,l) — (5 in S, direct calculations imply 



f 

1, i— j — k<lori<j — k — I; 



\\[E a ,E p }\\ 2 = { 



and for any a, (3 G S, 



|, i < j — k < I or i — k<j<lori<k<j — I; (2-2) 
0, otherwise, 



a(3 - S a 5/3, (2.3) 

-yes 

where 5 a p = SikSji, 5 a = Sij, 5p = Ski an d (•, •) is the standard inner product of M(n). 

Let {Q a }aes be any orthonormal basis of SM(n). There exists a unique orthogonal 
matrix Q e O(N) such that (Qi,...,Q N ) = {E U ...,E N )Q, i.e. Q a = J^pQpaEp for 

Q — {QaPjNxN and if Q a = (qfj)nxn, 



q/3a, P = audi = j, 
-^Qpa, P = audi < j. 

Let Ai,...,A n be n real numbers satisfying Af = 1 and Ai > ... > A n . Denote 
h '■= — > 1}, h '■= {^|Aj — A„ > 1}, / := — Aj > 1} and n the number 

of elements of /. Then ({1} x Ii) U (J 2 x {n}) C I C S. In fact, it can be shown 

Lemma 2.1. W'e /iave either 

I = {1} x or I = I 2 x {n}. 

Proof. If no = 0, the three sets are all empty. If n Q = 1, the only element must be 
(l,n) and the three sets are equal. Now let (l,n), («i,ji) be two different elements of 
J, i.e. Ai — A n > Ajj — \j L > 1 and (l,n) ^ Ji) • We assert that (ii = ^ n) or 
(ii 7^ 1, ji = n), which shows exactly that / = {1} x l x U I 2 x {n}. Otherwise, ji,n 
will be 4 different elements in {1, ...,n} and thus 

1 > A? + A? + A£ + \l > i(A! - A n ) 2 + \{K - \ h f > 1 
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is a contradiction. Without loss of generality, we can assume {iy, jy) G {1} x Iy. Then 
it'll be seen that I 2 x {n} = {(l,n)} and thus / = {1} x Iy which completes the proof. 
Otherwise, if there's another element, say {i2,n) in I 2 x {n}, then iy = l,jy,i 2 ,n are 4 
different elements in {1, ...,n} and come to the same contradiction as above. □ 

Lemma 2.2. 

J2 [(A; - A,) 2 - 1] < 1, 
where the equality holds in the case when I = {1} x Iy if and only if 1 < n < n and 



Ai = sj-^yi A n _ no+ i = ... = \ n = --j=L=, A fe = for others. 

Proof. Without loss of generality, we can assume that / = {1} x Iy by Lemma 2.1. Then 

I] [(Ai - A,) 2 - 1] = ^(A 2 + A 2 -2A 1 A,)-n = n A 2 + ^A 2 -2A 1 ^A,-n 

(jj)ei jeh jeh jeii 

< (n + 1)A 2 + ^ A 2 + A,) 2 - n < (n + 1)(A 2 + £ A 2 ) - n 

jeii jeii jeii 

< (n + l)^A 2 -n = 1, 

i 

where the equality condition is easily seen from the proof. □ 
Lemma 2.3. E^jJII [Qc Qp] f - 1) < 1 /<"" «™/ Q e O(JV), a 6 5 and J a C 5. 

Proof. Given a <E S, without loss of generality, we can assume Q a = diag{\y, A n ) with 
J2i Af = 1 and Ai > ... > A n . Then by Lemma 2.2, 

n 

£(ii[4*,^]ir-i) = ED^-^-^-^E E ((a, - a,) 2 - 1)? 2 , 

/3GJ a 0eJ a i,j=i !3e.J a (ij)=fes 

< " A ^ - !) E E ((Ai - A,) 2 - 1) < 1. 

(i,j)=-tei PeJ a (ij)ei 

□ 

Lemma 2.4. || [Q Q , Q^] || 2 < n /or any Q e 0(N), ae S. 

Proof. It follows from (2.3) that 

II [Q°» Q^W 2 = E QiaqtaqTpqtfi [E 7 , E T ], [E ( , E v ] ) = ^ Q-raQfr ^( E ^ > 

= ^«^( n5 75 - <w = n E ~ (E - n - 

7? 7 i 

□ 



Now let ip : M(m,n) — ► M(C^,Cl) be the map defined by ip(A) iidW) := AQj), 
where 1 < i < j < m, 1 < k < I < n and AQj) = a^aji — a^a^ is the discriminant of 
the sub-matrix of A with the rows i,j, the columns k, I, arranged with the same ordering 
as in (2.1). It's easily seen that ip(I n ) = leg, fi-^-Y — and the following 

Lemma 2.5. The map if preserves the matrix product, i.e. ip(AB) = ip(A)ip(B) holds 
for A e M(m,k), B e M(k,n). 

3 Proof of the main results 

Let B m be any real symmetric nxn matrices. Their coefficients under the stan- 

dard basis {E a } a£ s of SM(n) are determined by a matrix B e M(N, m) as (Bi, B m ) = 
(Ei, E N )B. Taking the same ordering as in (2.1) for 1 < r < s < m and 1 < a < (3 < 
N, we arrange {[B r , B s ]} r<s , {[E a , Ep]} a< p into C^, Cfj vectors respectively. We first 
observe that 

([Bi,B 2 ],...,[B m _i,B m ]) = ([Ei,E 2 ],...,[E N _i,E N ]) ■ ip(B). 

Let C(E) denote the matrix in M(Cjj) defined by C(£ , )( a , ii g)( 7)T ) := ( [E a , Ep], [E^, E T \ ), 
{oil<a<f3<N,l<^<T<N. Moreover we will use the same notation for {B r } 
and {Q a }, i.e. C(B) and C(Q) respectively. Then it's obvious that 

C(B) = ip(B t )C(E)ip(B), C(Q) = ip(Q t )C(E)ip(Q). 

Since BB l is a semi-positive definite matrix in SM(N), there exists an orthogonal matrix 
Q E SO(N) such that BB l = Q diag(x x , ...,x N ) Q l with x a > 0, 1 < a < N. Thus 

TO N 

J2\\B r \\ 2 = \\B\\ 2 = J2 X * 

r=l a=l 

and hence by Lemma 2.5 

m 

II [B r , B s ] f = 2Tr C(B) = 2Tr ip(B l )C(E)ip(B) = 2Tr V (BB t )C(E) 

r,s=l 

N 

= 2Tr V (dtag(xi,...,x N ))C(Q) = 

X a Xp 

\\[Qa,Qp]\\ 2 - (3-1) 

a,/3=l 

7 



We are now ready to prove Theorem 1.1. 
Proof of Theorem 1.1. For the inequality, by the arguments above it is equivalent to 
prove 

N N 

x a xp\\[Q a ,Qp]\\ 2 <(52 x <*) 2 > foranyxeR^andQeSOiN), (3.2) 

a,/3=l a=l 

where :={0^i = (xi, ...,xn) G R^l^a > 0, 1 < a < N} is the cone spanned by the 
positive axes of ~R N . 

Let/ Q (x) =F(x,Q) := J2a,p=i x * x p\\ [Q<*, Qp] HME^Li x <*) 2 - Then F is a continuous 
function defined on R N x SO(N) and thus uniformly continuous on any compact subset 
of R N x SO(N). Let A := {x G R%\ Y. a x * = l ) and for an Y sufficiently small e > 0, 
A e := {x G A\x a > e,l < a < N}, and let G := {Q G SO(N)\f Q (x) < 0,\/x G A}, 
G £ := {Q G SO(N)\f Q (x) < 0, Vrr G AJ. We claim that 

G = UmG £ = SO{N). 

Note that this implies (3.2) and thus proves the inequality. In fact we can show 

G £ = SO(N) for any suf ficiently small e > 0. (3.3) 

To prove (3.3), we use the continuity method which consists of the following three steps: 
stepl : I N eG £ , (thus G £ ^ 0), 
G £ is open in SO(N), 
G £ is closed in SO(N). 
Since F is uniformly continuous on A £ x SO(N), step2 is obvious. 
proof of stepl : Now for any x G A e , fi N (x) = Ej/3=i x a xp\\[E a , Ep] || 2 - 1. 
It follows from (2.2) that 

Iin(, X ^) 2{ ^ ^j yXqXjj -\- XijXjj) -\- — ^ ^ {XijXjk ~\~ XijXik ~\~ XikXjk^)} 1 

i<j i<j<k 

N 

2 ^ ^j yX-nXjj -\- X%jXjj) -\- ^ ^ {XijXjk ~\~ XijXik -\- XifcXjk^) ( ^ ^ Xjj ) 
i<j i<j<k i<j 

< 0. 

which means I N G G £ . 

proof of step3: We only need to prove the following a priori estimate: 



step2 



step3 



a priori estimate: Suppose < 0, for every x G A £ . Then /q(x) < 0, for every 

x e A e . 

(proof of the a priori estimate) If there's a point y G A e such that /<g(y) = 0, without 
loss of generality, we can assume y G A J := {i G A E |i; Q > e, for a < 7, xp = e, for f3 > 
7} for some 1 < 7 < N. Then ?/ is a maximum point of fq(x) in the cone spanned by A £ 
and an interior maximum point in AJ. Therefore, there exist some numbers 6 7 +i, ...,&jv 
and a number a such that 



®I/),...,^(y)) = 2a(l,...,l), 
(^ r (y),...,g(y)) = 2(6 7+1 ,...,M, 



(3.4) 



or equivalently 



A? 




and hence 



E^(ll[^^]H 2 )- 1= i ' " ( 3 - 5 ) 

0=1 



7 N 7 

o=l a=7+l a=l 



Meanwhile, one can see that ^-(y) = 2(07 + X^a= 7 +i &a) ^ 0> where z/ = (1, 1) i 
the normal vector of A in M. N . For any sufficiently small e (such as e < ^), it follows 
from the above three formulas that a > 0. Without loss of generality, we assume y\ = 
max{yi, y 7 } > 5 and let J := {/3 G S'l || [Qi, <5/?] I| 2 > 1}> n i be the number of elements 
of J. Now combining Lemma 2.3 , Lemma 2.4 and formula (3.5) will give a contradiction 
as following: 

N 

i<i+ a = E^ii[^'^]ii 2 = E^(ii[^^ii 2 - 1 )+E^+ E vMQiMf 

(3=2 /3eJ /3eJ (3£S/J 

< yiE(ll[^^]ll 2 - 1 ) + E^ + E ^ll[Qi,^]f 

/3eJ /3eJ /3es/J 

AT 

< yi+E^+ E ^ii[4,^]ir<E^ = 1 ' ( 3 - 6 ) 

/3eJ /3eS/J /3=i 



is 



thus 



yp = yi, for (3 g J, Ell^'^ll 2 = «i + l<^<^, (3.7) 

/3eJ 
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hence S/(JU {1}) 7^ and the last inequality in formula (3.6) should be strictly less 
because of the definition of J and the positivity of y@ for (3 G 5/(JU{l}). 

Now we come to consider the equality condition of Conjecture 1 in the sight of the 
proof of the a priori estimate. 

If there's a point y G A such that /q(j/) = 0, without loss of generality, we can assume 
y G A 7 := {x G A\x a > 0,Wa < -y,xp = 0, V/3 > 7} for some 1 < 7 < N. Then y is 
a maximum point of $q{x) in and an interior maximum point in A 7 . Therefore, we 
have the same conclusions as (3.4), (3.5), (3.6), (3.7) when 7 = ni + 1. From formula (3.7), 
Lemma 2.1, Lemma 2.2 and the proof of Lemma 2.3, we know that all Qp for (3 G JU {1} 
have the same rank 2 and n = rii = 1. Thus 7 = 2 and the equality case of Lemma 2.2 
and Lemma 2.3 tell us these two matrices must be in the forms given in Theorem 1.1. 
Proof of Corollary 1.2. When H 7^ 0, we can choose an orthonormal basis {u±, u m } 
of TpM such that ui = M;. When H = 0, the basis {u r } can be chose arbitrarily. Put 
Bi = A Ul — \H\I n , B r = A Ur for 2 < r < m. Then the conclusions follow from Theorem 
1.1 and [DF V] . 
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